ABSTRACT In this paper, a continuous-review inventory model is developed for multi-products with fuzzy demand. Two constraints as service level and storage space are considered. Furthermore, this paper considers the process quality improvement, setup costs reduction, and controllable lead time. Lead time demand is an any arbitrary distribution and only mean and standard deviation are known. For this, a distribution-free procedure is employed. Total cost is minimized according to the decision variables for the worst possible distribution situation. A numerical example is given to illustrate the significance of the proposed model. Finally, conclusions and future research directions are given.
I. INTRODUCTION
Inventory management is one of the widely studied topics in operations research. Many researchers tried to explore the different aspects of this wide topic. In earlier days of the operations research, researchers considered all parameters constant and tried to optimize the system. Then, some researchers started using variables and considered the changing nature of parameters. Recently, researchers in production and operations research are mainly focusing on cost minimization and profit maximization for production/inventory modeling.
In a continuous-review inventory system, earlier it was considered that lead time demand followed a normal distribution. However, it is not the same case in real life situations and mostly lead time demand distribution is unknown or it is very difficult to obtain the demand information during lead time. To solve this problem, in 1958 Scarf [1] introduced a min-max distribution free solution procedure for the newsvendor problem in which, mean and the standard deviation of lead time demand was supposed to be known. Since then many of the researchers in different fields used this procedure for the unknown distribution problems. This procedure originally was expressed beautifully but it was quite difficult for researchers to understand and apply to their problems. Later, Gallego and Moon [2] simplified the procedure and made it easy to understand. Furthermore, some authors discussed different aspects of distribution free procedures for inventory models. Moon and Choi [3] discussed a continuous-review model for the lead time and order quantity by using distribution-free procedure.
A min-max distribution-free procedure was applied to a mixture of inventory model by Ouyang and Wu [4] . They considered an optimal order quantity and lead time as the decision variables for the model. Ouyang and Chuang [5] considered a periodic-review inventory model with backorders and lost sales mixture. They applied the min-max distribution-free procedure for the solution and obtained lead time and review period. Moon and Silver [6] dealt with a multi-product news vendor problem by considering the limited total budget. They solved the model with normal distribution and considered the min-max distribution-free approach. A (Q, R, L) model was developed for the random backorders in a mixture of backorder and lost sales by Ouyang and Chunag [7] . Pal et al. [8] analyzed news vendor model for a single-period to determine the order quantity without specifying a distributional form of demand. They compared the numerical results for the distributionfree model and specific distributional form of demand. In the model, they considered reordering point, lead time, and optimal order quantity as decision variables. Shin et al. [9] studied two different models on the basis of lead time demand distribution and considered service level constraint along with transportation discounts. In their model, they assumed lead time demand as normally distributed. They also considered distribution free lead time demand in another model.
Ouyang and Chang [10] studied a continuous review inventory model with uncertain lost sales and variable lead time by using the min-max solution procedure. A fuzzy continuous-review model with the distribution-free procedure and variable lead time was analyzed by Ouyang and Yao [11] . A mathematical model for lot size with setup cost and lead time reduction including quality improvement was presented by Ouyang et al. [12] . Setup cost reduction and quality improvement concepts were introduced by Porteus [13] . A stochastic fuzzy mixture inventory model with controllable lead time was developed by Chang et al. [14] . Chu et al. [15] explored an inventory model considering order quantity and lead time as the decision variable. Two models were developed by them, one followed a normal distribution and other followed distribution free procedure. A vendor-buyer integrated inventory model with variable lead time and inspection policy was investigated by Wu et al. [16] . The mixture inventory distribution-free procedure was adopted to solve the problem in their study.
Lin [17] developed a continuous-review model with the mixture inventory distribution-free procedure for reducing ordering cost and lead time. A mixture of lost sales and backorders with discrete and continuous lead time was analyzed by Chang and Lo [18] . They included resource constraints to the inventory model to increase the accuracy of the model. Tajbakhsh [19] explored an inventory model under continuous-review process by considering fill rate and a service level constraint. The assumption of known lead time demand distribution was relaxed and adopted the distributionfree procedure for the study. Pasandideh et al. [20] discussed a multi-product inventory model with imperfect products by considering rework and space restrictions. However, they did not consider any distribution for the lead time demand. Lee et al. [21] developed an imperfect inventory model with variable lead time, backorder rate, and lost sales. First, they solved the model with a normal distribution. In second attempt, they relaxed the assumption of normal distribution and solved it by utilizing the distribution-free procedure. Ma and Qiu [22] proposed an inventory model, which was being reviewed continuously with setup cost and variable lead time. Service level constraint was incorporated into the model. They used Lagrangian method to change constraint problem to linear problem and the distribution-free procedure was used for the solution. Cárdenas-Barrón et al. [23] developed a discrete multi-products inventory model with lot size and delivery order under budgetary constraint. Cárdenas-Barrón and Sana [24] studied inventory model for multi-items while demand varied with promotional efforts. For further study in multi-items model readers can see Cárdenas-Barrón et al. [25] and Cárdenas-Barrón and Treviño-Garza [26] .
Lin [27] used an investment for reducing the lost sales rate for the inventory model with imperfect products, lead time, and distribution-free procedure. Rong and Maiti [28] investigated the cost minimization inventory model in a fuzzy-stochastic environment with lead time crashing cost and min-max distribution procedure. They considered the lead time demand as uncertain and studied the model under service level constraint. For imperfect production process, Sarkar and Moon [29] developed a mathematical model and illustrated the relationship between quality improvement, reorder point, lead time, and effect of backorder rate. First, they solved the model with normal distribution. Then, for the lead time demand, they applied the distributionfree approach. Sarkar et al. [30] discussed a continuous review inventory model with reorder point, order quantity, lead time, and process quality as decision variables. They applied normal distribution and later, relaxed the assumption with distribution-free procedure. Moon et al. [31] extended a continuous-review inventory model for the variable lead time to optimize the total cost under the assumption of negative exponential lead time crashing cost function. They derived closed-form expressions by using the classical methodology.
Sarkar et al. [32] developed an inventory model for quality improvement and backorder price-discount problem under stochastic lead time. They used a continuous investment function for process quality improvement. Recently, a continuous-review inventory model was developed, for quality improvement and manufacturing setup cost reduction by using distribution-free approach with a service level constraint by Sarkar et al. [33] . Kumar and Goswami [34] extended a production-inventory system, which is continuously being reviewed with trapezoidal fuzzy random demand. They used the min-max distribution-free procedure for their model. The ordering cost reduction inventory model with controllable lead time and a service level constraint was developed by Annadurai [35] . The logarithmic function was used for the investment. They utilized distribution-free procedure to solve the model. Soni et al. [36] investigated an imperfect production model with the reduction in lost sales and investment for quality improvement by optimizing reorder point, order quantity, and lead time. They considered the mixture of normal distributions for the lead time demand. Recently, the study on this research direction can be found in O'Neil et al. [37] model. See Table 1 for the contribution of the different authors.
The proposed model considers the continuous-review inventory policy for inventory control. This study considers the cost minimization for multi-product production system. To make the model more realistic and real-life based, space and a service level constraints are considered as well. Optimal quantity for multiple products is calculated with the setup cost reduction and product's quality improvement. Logarithmic expressions for setup cost reduction and product quality improvement are used in this model as introduced VOLUME 6, 2018 by Porteus [13] . In this paper, the Kuhn-Tucker method is considered for obtaining the points of maxima and minima for constrained and unconstrained optimization problems. The figure 1 shows the flow of products. Paper is organized as follows: notation, assumptions and problem definition is given in Section 1, mathematical model is derived in Section 2. In Section 3, a numerical example is provided. Finally, summary and conclusions are given in Section 4.
II. PROBLEM DEFINITION, NOTATION AND ASSUMPTIONS
This section is comprised of problem definition, notation, and assumptions. The mathematical model is based on these notation and assumptions.
A. PROBLEM DEFINITION
In this article, a fuzzy continuous-review multi-product inventory model is considered with improvement in quality and reduction in setup cost. Previously, the continuous-review inventory model was considered for the single-product by Tajbakhsh [19] and others. However, none of the researchers considered continuous-review for the multi-product with stochastic lead time in the fuzzy environment for imperfect production system. All defective products are being immediately replaced at a fixed cost. To reduce the lead time, an additional cost is added to the total cost, which is known as lead time crashing cost. Manufacturing setups have a maximum limit for the storage space. Therefore, maximum space constraint is considered in this model. Demand is considered uncertain based on realistic scenarios. In next sections, this problem will be solved and analyzed.
B. NOTATION
The following notation for decision variables and parameters are used in mathematical model.
Decision variables
A i setup cost per setup ($/setup) Q i order quantity for product i (number of units) r i reorder point for product i L i lead time for product i φ i probability of the production process which may go to out-of-control state Parameters A 0i initial setup cost per setup ($/setup) D i average demand per year for product i (units per year) φ 0i initial probability of the production process, which may go out-of-control state µ i mean of the lead time demand for product i σ standard deviation of the lead time demand h i holding cost per unit per year for product i ($/unit/year) α annual fractional cost of capital investment ($/year) X i lead time demand which has a probability dis- 
This model considers a continuous-review inven-
tory model for multi-product with stochastic lead time demand and the distribution for the lead time is unknown, but mean and standard deviation are known. 2. Production is more than the demand during the cycle i.e, shortages are not allowed. 3. For the quality improvement, a logarithmic investment is used in the model. This additional investment helps to reduce the imperfect production in out-of-control situation Porteus [13] ). 4. Most of the inventory models considered the assumption of fixed setup cost. Setup cost can be reduced by using the investment (see reference Porteus [13] ). Initially, an investment is required, however, for the setup cost reduction, another logarithmic investment is considered for this purpose (Sarkar et al. [32] ). 5. To make the model more realistic, space and service level constraints are used. As in multi-product production systems, available space for inventory storage is always limited within the production setup (see reference Gholami-Qadikolaei et al. [38] ).
6. The lead time for all products is same and it has total n components and all these are mutually independent.
The zth component has a minimum duration a z and normal duration b z , and a crashing cost per unit time c z . Furthermore, for convenience, consider c z such that c 1 ≤ c 2 ≤ . . . ≤ c n . Then, the reduction for lead time will be first on component 1 (as it is having the lowest unit crashing cost), and then at component 2, and so on. 7. Let L 0 = n j=1 b j and L z be the length of lead time with components 1, 2, . . . , z crashed to their minimum duration, then L z is expressed as
III. MATHEMATICAL MODEL
This model considers Tajbakhsh's [19] model and extends in multi-product for the fuzzy environment including variable lead time, setup cost reduction and improvements in quality with the consideration of space and service level constraints. The cost function for basic (Q i , r i ) model is
In real life cases for multiple products, the lead time demand for each product is very difficult to know. Therefore, it is assumed that the demand is uncertain in nature. Using the fuzzy demand, variable lead time, and lead time crashing cost, the total cost function becomes
To control the probability of process moving out-of-control state, there are some available options and within this, one of those is to invest in machinery. For improving quality of the process and reduction in out-of-control probability, a capital investment S φ (φ i ) is considered as (see Porteus [13] ):
where b = 1/ζ and ζ is percentage decrease in φ i per dollar increase in S φ (φ i ). By investing a specific amount of funds, one can reduce the overall setup cost of the manufacturing system and the total cost. To reduce setup cost, the following logarithmic expression, which initially was introduced by Porteus [13] , is used as
where
To calculate the rework cost for defective items, first the total amount of defective items for each product is being calculated. In a lot of size Q, expected amount of defective items (see Porteus [13] ) is
φ = 1 − φ is approximately as 1 and by using the Taylor series expansion forφ, one can obtain
Hence, the number of defective items is
The annual expected defective cost is calculated as
For the fuzzy demand and multiple product case, the expected defective cost for ith product is
After considering the imperfect items, the total expected annual cost is expressed as
Putting the value ofC(Q i , r i , L i ), in above equation becomes
By adding the investment functions to reduce the setup cost and for quality improvement, the cost function of this model becomes
As, this model is non-linear constraint problem, thus KuhnTucker method (see for reference Sarkar et al. [32] , [33] ) is the best approach to obtain global optimum solution. Based on Kuhn-Tucker method, Lagrangian multiplier is used for converting this constrained problem to unconstrained problem. Taking the Lagrangian multiplier, one can obtaiñ
One can write
which moderates as
, then the cost function is as follows
It is very difficult to obtain the lead time demand distribution. Thus, it is hard to find the value of the expected shortages
To get the worst possible distribution in F, the following lemma can be used directly from Gallego and Moon [2] 
The upper bound is tight, ω βi be the safety stock with respect to β. Thus, one can obtain
Using ω βi and replacing
By simplifying, the above equation becomes
In reality, it is also too difficult to predict the exact demand of products. Most of the researchers (see for reference [29] , [30] , [32] , [33] ) considered constant demand by considering distribution-free approach for lead time demand whereas others several researchers (see for reference Sarkar and Mahapatra [41] , Kumar and Goswami [34] ) considers fuzzy demand with distribution-free approach. Thus, this model also considers trapezoidal fuzzy demand to make the model realistic and defuzzification is done by graded-mean integration (GMI) method (see for reference Chen and Hsieh [42] ).
In the model, considered fuzzy demandD
is a nonnegative trapezoidal fuzzy number. By substituting the nonnegative trapezoidal fuzzy number in the above equation, the total cost function is given bỹ
As the demandD i is a nonnegative fuzzy trapezoidal number with crisp numbers (
The member function will be of the form
A. DEFUZZIFICATION
In order to get ultimate conclusions and decision making, the fuzzy numbers are mostly converted to the crisp values. The method for converting fuzzy results to the crisp models is commonly known among researchers as defuzzification. Chen and Hsieh [42] first introduced the graded mean integration representation for defuzzification. As defined above, assume
is a trapezoidal fuzzy number and the inverse functions of P and R are P − , R − respectively. The graded mean H -level value ofD i is defined as
. Then, for the fuzzy trapezoidal numberD i , the graded mean integration representation can be written as
For the nonnegative trapezoidal fuzzy number
Then the graded mean integration representation for the trapezoidal fuzzy
by above formula is
By defuzziying the cost equation by using the above given formula for trapezoidal fuzzy number, one can obtain the VOLUME 6, 2018 graded mean integration representation
IV. SOLUTION METHODOLOGY
To obtain the necessary conditions for the cost minimization, the partial derivatives with respect to all decision variables are calculated as follows:
Therefore, one can obtain optimal values for decision variables A i , Q βi , L i and φ i by putting
= 0, and 
Now to check the sufficient conditions for cost minimization with respect to the decision variables Q i , A i , Ł i , and φ i , obtained that (for details see appendix B)
convex nor concave. Therefore, the optimum cost would be
For finding the global minimum, following lemma is used
is always positive definite at the optimal values (Q * βi , A * i , φ * i )) and it contains the global minimum total cost at these optimal values.
Proof: See appendix C. According to the Kuhn-Tucker conditions: first condition is
and the fourth and final condition is
V. NUMERICAL EXAMPLE
To solve the problem numerical some initial data is taken from Lee et al. [43] , Table 3 . is lead time data from Lin [17] , and rest of the data is supposed according to the problem. The numerical results for above problem are given in Table 3 ) and the minimized total system cost is 4428.0$. The relative variations in decision variables and total cost can be seen in Table 3 . The simultaneous change in the value of m, A 0 , and α, while keeping other parameters fixed, has a significant impact on the cost as well as all the decision variables. In Table 3 one can see, the changes in total cost and decision variables with the changing lead time. The optimal value of lead time is taken at which the total cost is least among all four values with respect to four values of lead time. The Table 3 provides the sensitivity analysis as well for the different values of m, A 0 , and α.
VI. CONCLUSIONS
The proposed model extended a continuous-review inventory model considering multiple products with stochastic lead time, fuzzy demand, and space constraint. The important and major aim of this model was to develop and investigate model for multi-product continuous-review inventory system with the stochastic fuzzy demand to minimize the total cost. For the setup cost reduction and to decrease imperfect production, two logarithmic expressions were used. Managers could reduce both, the imperfect production as well as the setup cost, by using the given strategy for the multiproduct. A mathematical model was provided to obtain the optimal solution with the distribution-free approach. The numerical study proved that, the model saved setup cost and improved quality besides minimizing cost. Moreover, an illustrative numerical example was provided to obtain the optimal results for the proposed model. Further, this model can be extended by considering fuzzy setup and inventory holding cost (for instance see Jia et al. [46] ). One can also consider multiple products with shortages and variable backorder rate (Giri and Sharma [47] ). This model is also extendable considering lost sales, quality-dependent demand, and consignment stock scheme in multi-product imperfect production environment (Taleizadeh and Moshtagh [48] ).
APPENDIX A
To calculate the replacement cost for defective items, first the total amount of defective items is being calculated. In a lot of size Q, expected amount of defective items (see Sarkar et al. [32] ) is Q −φ (1 −φ Q ) φ φ = 1−φ is approximated by 1 and by using the Taylor series expansion forφ, one can obtain
Hence, the number of imperfect items is
APPENDIX B
To check the sufficient conditions for cost minimization with respect to the decision variables Q βi , A i and φ i , obtained that
Proof of Lemma 1:
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